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Abstract
We study the holographic entanglement entropy of anisotropic and nonconformal
theories that are holographically dual to geometries with hyperscaling violation, pa-
rameterized by two parameters z and θ. In the vacuum state of a conformal field
theory, it is known that the entanglement entropy of a kink region contains a loga-
rithmic universal term which is only due to the singularity of the entangling surface.
But, we show that the effects of the singularity as well as anisotropy of spacetime on
the entanglement entropy exhibit themselves in various forms depending on z and θ
ranges. We identify the structure of various divergences may appear in the entangle-
ment entropy, specially those which are universal and appear in the logarithmic or
double logarithmic forms. In the range z > 1, for values z = 2k/(2k − 1) with some
integer k and θ = 0, Lifshitz geometry, we find a double logarithmic term. In the range
0 < z, for values θ = 1− 2n|z − 1| with some integer n we find a logarithmic term.
PACS numbers: 03.65.Ud, 11.25.Tq
Keywords: AdS/CFT, Entanglement Entropy
1 Introduction
Gauge/gravity duality[1, 2, 3] provides a framework to explore various aspects of the
strongly coupled gauge field theories. By this duality, the (d + 1)-dimensional field
theory, boundary theory, duals to the gravitational theory in a (d + 2)-dimensional
spacetime, bulk theory. The early studies in this context lie on investigating duality
between a conformal field theory (CFT ) on the boundary and the gravity on the AdS
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background. Over the years, it was generalized to accounting for diverse range of
quantum systems [4, 5, 6, 7, 8, 9, 10, 11, 12].
One of the extension is theories which are scale invariant but not conformal. These
are corresponding to the Lifshitz fixed point and characterized by a dynamical critical
exponent z. The gravity dual of these theories is defined in the following background
metrics [13, 14],
ds2 =
L2
r2
(−r−2(z−1)dt2 + dr2 + d~x2d), (1.1)
with the following scale transformation which leaves the metric invariant,
t→ λzt, r → λr xi → λxi, ds2 → ds2. (1.2)
Another extension, is the strongly coupled field theories which are dual to ge-
ometries that are characterized by two parameters, a dynamical exponent z, and a
hyperscaling violation exponent θ. The metrics of these geometries are defined as [15]
ds2 =
L2
r2
(
r
rF
)
2θ
d (−r−2(z−1)dt2 + dr2 + d~x2d), (1.3)
where rF represent the scale, such that the below of it the above metric provide the
proper gravitational dual for strongly coupled theory [22]. The scale transformations
of the coordinates are defined as
t→ λzt, r → λr xi → λxi, ds2 → λ 2θd ds2 (1.4)
The metric transforms covariantly under these transformations. The above metric
(1.3) has been named hyperscaling violating Lifshitz metric (hvLf). In the context of
holography, these metrics have been extensively studied [16, 17, 18, 19, 20, 21, 22, 23,
24].
As an application of the AdS/CFT correspondence, one can evaluate the entangle-
ment entropy of the boundary theory via Ryu-Takayanagi (RT) prescription [25, 26].
A characteristic feature of a quantum system is its quantum entanglement property.
Entanglement entropy is one of the important measures of entanglement feature in
quantum systems and emerges in diverse research areas [11, 12, 27, 28, 29, 30, 31, 32,
33, 34, 35, 36, 37]. In the context of quantum field theory, the entanglement entropy
of a sub region A is defined as S = −Tr(ρAlogρA), where the reduced density matrix
ρA is obtained by tracing out the degrees of freedom of complementary region A¯ of A,
ρA = TrA¯(ρ).
In general, the entanglement entropy is UV divergent due to the short range cor-
relations across the so-called entangling surface, the boundary of two regions. So in
order to have a well-defined quantity it must be regularized. It depends on the geom-
etry and topology of the background as well as entangling surface. As an example, in
the vacuum of a (2 + 1)- dimensional CFT , the entanglement entropy for a smooth
entangling surface takes the following form
SEE = β
lΣ
δ
− F, (1.5)
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where lΣ is the length of the entangling surface, δ is a UV cut-off, and β is a scheme
dependent coefficient which depends on the details of the underlying theory. The
leading term exhibits the“area law” [38, 39] and the second term F is a universal
term independent of the regularization scheme. On the other hand, when there is a
singularity in the entangling surface, the entanglement entropy contains a universal
contribution,
SEE = α
H
δ
− a(Ω) log(H
δ
) +O(1), (1.6)
where Ω is the opening angle, α is the scheme dependent constant, and H denotes
th characteristic length of the entangling surface. a(Ω) is a coefficient of the new
logarithmic term that appears due to the singularity of the entangling surface and
gives the universal contribution to the EE. It is a positive convex function that satisfies
some properties. See [40, 41, 42, 43, 44, 45, 46] for details.
A similar universal contribution appears in the entanglement entropy of the confor-
mal field theories, for which depending on the dimension of space time and singularity
of entangling surface, logarithmic or double logarithmic terms appear [47, 48, 49, 50,
51, 52, 53].
There are similar stories on the EE of the relevant perturbed conformal field the-
ories. The relevant perturbation of a conformal field theory induces a universal log-
arithmic [54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64] or double logarithmic term in the
entanglement entropy [65].
The importance of these universal terms is that their coefficients are scheme inde-
pendent and encode the universal data of the underlying quantum field theory.
In the context of non-conformal theories, there are similar computations. In the
case of hyperscaling violation background, typical computations in d = 3 [66] shows
that the logarithmic term disappears, except θ = 1, in which the entanglement entropy
shows up logarithmic violation of the area law, and it corresponds to Fermi surface
in the boundary theory [17, 22, 23]. The log terms will appear by adding terms with
higher derivatives to the Einstein gravity or higher-dimensional space-times [67, 68].
Motivated with recent work [69], who finds the scaling solutions in IR limit, we
examine the entanglement structure of the anisotropic strongly coupled field theories.
The metric of the dual geometry is defined as1
ds2 = L2(
r
rF
)
2θ
dz (
−dt2 + dr2 + d~x2d
r2
+
dy2
r
2
z
), (1.7)
So, the scale transformation of the coordinates is defined as
t→ λt, r → λr xi → λxi, y → λ 1z y, ds2 → λ 2θdz ds2. (1.8)
The metric transforms covariantly under these transformations.
Parameters z and θ are constrained by the null energy condition which is
ξµξνGµν ≥ 0 (1.9)
1In order to absorb the constants we rescaled the coordinates of [69].
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where ξµ is a null vector and Gµν is the Einstein tensor. We adopt the null vector to
be
(ξt, ξr, ξx, ξy) =
1
L
(
√
a2 + b2 + c2r1−
θ
dz , ar1−
θ
dz , br1−
θ
dz , cr
1
z
− θ
dz ) (1.10)
with d = 2. Then the null energy condition (NEC) implies two independent inequalities
as follows,
θ2 + 2z(1− θ)− 2 ≥ 0 (1.11)
(z − 1)(1 + 2z − θ) ≥ 0 (1.12)
Our goal in this paper is to calculate the entanglement entropy of the curved kink
region in the (1.7) background via RT prescription. According to it, the holographic
entanglement entropy of a sub-region V on the boundary theory is given by
SEE =
Area(m)
4GN
, (1.13)
in which m is the bulk minimal surface which is homologous to V and ∂m matches the
entangling surface ∂V on the boundary.
Our paper is organized as follows. In the first section, we study the holographic
entanglement entropy with singular surface oriented along the anisotropic scaling di-
rection y. In the second section we comment about the case in which the singular
surface lying along isotropic direction x. The conclusion and discussion are included
in the last section.
2 Holographic entanglement entropy of a curved
kink
In this section, we study the entanglement entropy in the curved kink region which
is shape invariant under the scaling (1.8) and given in the time slice tE = 0 as V =
{a|x|1/z ≤ y, 0 ≤ y ≤ H}, where H is an IR cut-off and a is a constant which
represents the wideness of the curved Kink2.
We choose the metric
ds2 = L2r
θ
z (
−dt2 + dr2 + dx2
r2
+
dy2
r
2
z
), (2.1)
and define our coordinates as
x = ρ cosϕ, y = ρ
1
z sinϕ (2.2)
2Recently, the authors of [70] considered similar region in a homogeneous isotropic background.
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Figure 1: The left panel shows the entangled region in the xy plane with z = 2 and a = 3/2.
The right shows the corresponding bulk minimal surface.
and parametrize the bulk minimal surface as ρ = ρ(r, ϕ). So we can introduce ϕ0 as
a = sinϕ0/ cos
1/z ϕ0. Then the induced metric on the bulk minimal surface becomes
ds2 = γijdx
idxj
= L˜2r
θ
z
−2
((
(cos2 ϕ+
ρ
2
z
−2 sin2 ϕ
z2r
2
z
−2 )ρ
′2 + 1
)
dr2
+ 2
(
(cos2 ϕ+
ρ
2
z
−2 sin2 ϕ
z2r
2
z
−2 )ρ
′ρ˙− sinϕ cosϕ(1− ρ
2
z
−2
zr
2
z
−2 )ρρ
′
)
drdϕ
+
(
(cos2 ϕ+
ρ
2
z
−2 sin2 ϕ
z2r
2
z
−2 )ρ˙
2 + (sin2 ϕ+
ρ
2
z
−2 cos2 ϕ
r
2
z
−2 )ρ
2 − 2 sinϕ cosϕ(1− ρ
2
z
−2
zr
2
z
−2 )ρρ˙
)
dϕ2
)
,
(2.3)
where L˜ is the AdS curvature scale, ρ˙ = ∂ϕρ, and ρ
′ = ∂rρ. So we find that
√
γ = L˜2
1
zρ
r
−1−2z+θ
z
×
√
r
2
z z2ρ2(ρ sinϕ− ρ˙ cosϕ)2 + 1
4
r2ρ
2
z
(
4(zρ cosϕ+ ρ˙ sinϕ)2 + (1 + z + (−1 + z) cos 2ϕ)2ρ2ρ′2
)
.
(2.4)
The holographic entanglement entropy is given by
SEE =
1
4GN
∫
drdϕ
√
γ =
L˜2
4GN
∫ rm
δ
dr
∫ pi
2
+ Ω
2
−
pi
2
−Ω
2
+
dϕLρ, (2.5)
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in which δ is a UV cut-off,  is an angular cut-off, and rm is defined such that ρ(rm, 0) =
H, and the L is defined as
Lρ = 1
zρ
r
−1−2z+θ
z
×
√
r
2
z z2ρ2(ρ sinϕ− ρ˙ cosϕ)2 + 1
4
r2ρ
2
z
(
4(zρ cosϕ+ ρ˙ sinϕ)2 + (1 + z + (−1 + z) cos 2ϕ)2ρ2ρ′2
)
.
(2.6)
By extremizing the entropy functional (2.5) we derive the equation of motion for ρ(z, ϕ),
8rz(1 + z + (−1 + z) cos 2ϕ)2
(
− r 2z z2ρ2(sinϕρ− cosϕρ˙)2 − r2ρ 2z (z cosϕρ+ sinϕρ˙)2
)
ρ′′
− 4rz(1 + z + (−1 + z) cos 2ϕ)2
(
2r2ρ
2
z sin2 ϕρ′2 + 2z2r
2
z ρ2(1 + cos2 ϕρ′2)
)
ρ¨
+ 8rz(1 + z + (−1 + z) cos 2ϕ)2
(
2r
2
z z2ρ2 cosϕ(− sinϕρ+ cosϕρ˙) + 2r2ρ 2z sinϕ(z cosϕρ+ sinϕρ˙)
)
ρ′ρ˙′
+ 2(1 + z + (−1 + z) cos 2ϕ)
[
− 4r 2+zz z2(1− 5z + (−1 + z) cos 2ϕ)ρρ˙2 − 4r 2+zz z2(−1 + z) sin 2ϕρ˙3
− 4r 2z z2(−2 + θ)(1 + z + (−1 + z) cos 2ϕ) sin2 ϕρ4ρ′
+ r2zρ
2+z
z ρ′
(
4(1 + z − θ)(1 + z + (−1 + z) cos 2ϕ) sin 2ϕρ˙− 4rz(−3 + z + (−1 + z) cos 2ϕ) sin2 ϕρ′
)
+ r2ρ
2
z ρ′ρ˙
(
4(1 + z − θ)(1 + z + (−1 + z) cos 2ϕ) sin2 ϕρ˙− 2rz(−1 + z(4 + z)
+ (−1 + z)2 cos 2ϕ) sin 2ϕρ′
)
+ r2(1 + z − θ)(1 + z + (−1 + z) cos 2ϕ)ρ2+ 2z ρ′
(
4z2 cos2 ϕ+ (1 + z + (−1 + z) cos 2ϕ)2ρ′2
)
+ r
2
z z2ρ3
(
8rz2 + 4(−2 + θ)(1 + z + (−1 + z) cos 2ϕ) sin 2ϕρ˙ρ′
+ r(−3 + z + 6z2 + 4(1 + (−1 + z)z) cos 2ϕ+ (−1 + (3− 2z)z) cos 4ϕ)ρ′2
)
+ r
2
z z2ρ2ρ˙
(
− 4(−2 + θ) cos2 ϕ(1 + z + (−1 + z) cos 2ϕ)ρ˙ρ′ + 2r sin 2ϕ[2(−1 + z)z
− (−1 + (−4 + z)z + (−1 + z)2 cos 2ϕ)ρ′2]
)]
= 0 (2.7)
Due to the scaling behavior of the background metric, we apply the ansatz ρ(z, ϕ) =
r/hz(ϕ), which is h → 0 as ϕ → pi2 ± Ω2 . with this ansatz, the entropy functional
becomes
SEE =
L2
2GN
1
2z
∫ rm
δ
dr
r1−
θ
z
∫ hc
h0
dhLh (2.8)
in which, h˙ = ∂ϕh, h0 = h(0) and h˙0 = 0. Note, we introduce r = δ as UV cut-off,
and we have changed the integration variable from ϕ to h, and Lh defined as
Lh =
√
4h2z2(h sinϕ+ zh˙ cosϕ)2 + h2(1 + z + (−1 + z) cos 2ϕ)2 + 4z2h2z(h cosϕ− h˙ sinϕ)2
h˙h2+z
,
(2.9)
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By substituting the ansatz ρ(z, ϕ) = r/hz(ϕ) in the equation (2.7) we reach to the
equation of motion for h(ϕ)
4z2(1 + z + (−1 + z) cos 2ϕ)h
(
z2 cos2 ϕ+ h2z(z2 +
sin2 ϕ
h2
)
)
h¨+ 4(−1 + z)z5h−1+2z sin 2ϕh˙3
+ z2
(
4z2(1 + z − θ) cos2 ϕ(1 + z + (−1 + z) cos 2ϕ)
+ 4h2z(−(−1 + z)z2(−2 + z + (2 + z) cos 2ϕ) + (2z − θ)(1 + z + (−1 + z) cos 2ϕ)sin
2 ϕ
h2
)
)
h˙2
+ 2z2h
(
z(3 + 2z + 3z2 − 2(1 + z)θ + (−1 + z)(3 + 3z − 2θ) cos 2ϕ)
− (2(−1 + z)z2 + 1
h2
(3 + 2z + 3z2 − 2(1 + z)θ + (−1 + z)(3 + 3z − 2θ) cos 2ϕ))h2z
)
sin 2ϕh˙
+ h2
(
z2(3 + z(3 + 6z − θ)− 3θ + 4(−1 + (−1 + z)z + θ) cos 2ϕ− (−1 + z)(1 + 2z − θ) cos 4ϕ)
+
1
h2
(1 + z − θ)(1 + z + (−1 + z) cos 2ϕ)3 + z2h2z[8z2 + 1
h2
(6 + 3z(1 + z − θ)− θ
+ 4(−1 + z + z2 − zθ) cos 2ϕ+ (−1 + z)(2 + z − θ) cos 4ϕ)]
)
= 0. (2.10)
In order to identify various divergence structure that may be appear, we must find
the asymptotic behavior of integrand in terms of h, where h → 0. To do so, we make
a change of variable ϕ = ϕ(h) and independent variable from ϕ to h, and find the
equation of motion of ϕ = ϕ(h). Using the relations h˙ = 1ϕ˙(h) , h¨ = − ϕ¨ϕ˙3 , we reach to
the following functional
SEE =
L2
2GN
1
2z
∫ rm
δ
dr
r1−
θ
z
∫ hc
h0
dhL (2.11)
in which, h˙ = ∂ϕh, h0 = h(0) and h˙0 = 0. Note, we introduce r = δ as UV cut-off, and
we have changed the integration variable from ϕ to h, and L defined as
L =
√
4h2z2(h sinϕϕ˙+ z cosϕ)2 + h2(1 + z + (−1 + z) cos 2ϕ)2ϕ˙2 + 4z2h2z(h cosϕϕ˙− sinϕ)2
h2+z
,
(2.12)
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Using (2.10), we find the equation of motion for ϕ
− 4z2h(1 + z + (−1 + z) cos 2ϕ)
(
z2 cos2 ϕ+ h2z(z2 +
sin2 ϕ
h2
)
)
ϕ¨
+ h2
(
z2(3 + z(3 + 6z − θ)− 3θ + 4(−1 + (−1 + z)z + θ) cos 2ϕ
− (−1 + z)(1 + 2z − θ) cos 4ϕ) + (1 + z − θ)(1 + z + (−1 + z) cos 2ϕ)3 1
h2
+ z2h2z(8z2 + (6 + 3z(1 + z − θ)− θ + 4(−1 + z + z2 − zθ) cos 2ϕ
+ (−1 + z)(2 + z − θ) cos 4ϕ) 1
h2
)
)
ϕ˙3
+ 2z2h sin 2ϕ
(
z(3 + 2z + 3z2 − 2(1 + z)θ + (−1 + z)(3 + 3z − 2θ) cos 2ϕ)
− h2z(2(−1 + z)z2 + (3 + 2z + 3z2 − 2(1 + z)θ + (−1 + z)(3 + 3z − 2θ) cos 2ϕ) 1
h2
)
)
ϕ˙2
+
(
4z4(1 + z − θ) cos2 ϕ(1 + z + (−1 + z) cos 2ϕ)
+ z2h2z(−4(−1 + z)z2(−2 + z + (2 + z) cos 2ϕ)
+ 4(2z − θ)(1 + z + (−1 + z) cos 2ϕ)sin
2 ϕ
h2
)
)
ϕ˙+ 4(−1 + z)z5h2z−1 sin 2ϕ = 0 (2.13)
where ϕ˙(h) = dϕdh , ϕ¨(h) =
d2ϕ
dh2
. Now, we solve this equation perturbatively in terms of
h near the boundary, where h is small with boundary condition ϕ(0) = ϕ0 at h = 0.
Let us consider different z ranges as follows.
2.1 z > 1
For z > 1, we find the following expansion as a solution to (2.13),
ϕ = ϕ0 +
∑
n=1
ϕ2n(h
2)n(z−1)+1
= ϕ0 + ϕ2h
2z + ϕ4(h
2)2z−1 + ϕ6(h2)3z−2 + · · · , (2.14)
where some ϕ2n’s are derived as,
ϕ2 =
(z − 1) tanϕ0
(θ + z − 2)((z − 1) cos(2ϕ0) + z + 1) ,
ϕ4 = − (θ − 1) tan
2 ϕ0
z(2z − 1)(θ + 3z − 4)ϕ2
Near the boundary, assuming z > 1, the integrands of (2.12) behaves as
L ∼ 2z
2 cosϕ0
hz+1
√
1 +
tan2 ϕ0
z2
h2(z−1) + · · · (2.15)
where dots denotes nonsingular contributions. It follows then
L ∼
∑
n=0
anh
2n(z−1)−(z+1) + · · · ,
∼ 2z
2 cosϕ0
hz+1
+
sinϕ0 tanϕ0
h3−z
− sinϕ0 tan
3 ϕ0
4z2h3z−5
+
sinϕ0 tan
5 ϕ0
8z4h5z−7
+ · · · , (2.16)
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The singular terms are restricted to n ≤ nmax which is the greatest integer satisfying
nmax < (z + 1)/(2(z − 1)).
Now by using the relations (2.16) we can isolate the divergent part of integral (2.8),
and make it finite
SEE =
L2
2GN
1
2z
∫ rm
δ
dr
r1−
θ
z
∫ hc
h0
dhL,
=
L2
2GN
1
2z
(I1 + I2) (2.17)
where
I1 =
∫ rm
δ
dr
r1−
θ
z
∫ hc
h0
dh
[
L −
nmax∑
n=0
anh
2n(z−1)−(z+1)
]
I2 =
∫ rm
δ
dr
r1−
θ
z
∫ hc
h0
dh
( nmax∑
n=0
anh
2n(z−1)−(z+1)
)
(2.18)
We differentiate I1 and I2 with respect to UV cut-off δ and look for various divergent
terms. we find
dI1
dδ
= − 1
δ1−
θ
z
∫ 0
h0
dh
[
L − 2z
2 cosϕ0
hz+1
− sinϕ0 tanϕ0
h3−z
−+ · · ·
]
, (2.19)
dI2
dδ
=
F (h0)
δ1−
θ
z
−  ak
zδ1−
θ
z
log
δ
H
+
∑
n
anH
1−2n(1− 1
z
)
z − 2n(z − 1) δ
θ
z
−2+2n(1− 1
z
)
=
F (h0)
δ1−
θ
z
−  ak
zδ1−
θ
z
log
δ
H
+ 2z
H cosϕ0
δ2−
θ
z
+
sinϕ0 tanϕ0
2− z
H
2−z
z
δ
2−θ
z
+ · · · , (2.20)
in which hc(δ) = (
δ
H )
1
z and  = 1 for k = z/(2(z − 1)) or z = 2k/(2k − 1) and  = 0
otherwise. Note that as we see, in some values of z and θ the logarithmic term appears.
The first important case is at θ = 0,
SEE =
L2
2GN
1
2z
[(
−
∫ 0
h0
dh
[
L −
nmax∑
n=0
anh
2n(z−1)−(z+1)
]
+ F (h0)
)
log(
δ
H
)
+ 
ak
2z
log2(
δ
H
) + · · ·
]
. (2.21)
The double log term appears at θ = 0 and z = 2k/(2k− 1) for some positive integer k.
This is consistent with the null energy conditions (1.11) and (1.12).
Other log terms appear when
θ = θm ≡ z − 2m(z − 1) (2.22)
for some integer 0 ≤ m ≤ nmax. This is again can fit in the NEC inequalities. Then
one finds,
SEE =
L2
2GN
1
2z
[amHθ/z
θ
δθ,θm log(
δ
H
) + · · ·
]
. (2.23)
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We collect all terms as
S
(y,z>1)
EE =
L2
2GN
1
2z
[(
F (h0)−
∫ 0
h0
dh(L −
nmax∑
n=0
anh
2n(z−1)−(z+1))
)(
log
δ
H
+
z
θ
δθ/z
)
+ δθ,0
ak
2z
log2(
δ
H
) +
amH
θ/z
θ
δθ,θm log(
δ
H
)
+
nmax∑
n=0
anzH
θ/z
(z − 2n(z − 1))(2n(z − 1) + θ − z)
( δ
H
) 2n(z−1)+θ−z
z
+ · · ·
]
. (2.24)
where the superscript y denotes that the region bisector towards the y-axis.
2.2 0 < z < 1
Here we find,
ϕ = ϕ0 + ϕ2h
2 + ϕ4h
4 + ϕ˜1h
4−2z + ϕ˜6−4z3 + · · · , (2.25)
Again we will see that only ϕ0 contributes to the singular part of integrand (2.12)
which near the boundary can be expanded as
L ∼ 2z sinϕ0
h2
√
1 + z2h2(1−z) cot2 ϕ0 + · · · (2.26)
then
L ∼
∑
n=0
bnh
2n(1−z)−2 + · · · ,
∼ 2z sinϕ0
h2
+
z2 cosϕ0 cotϕ0
2h2z
− z
4 cosϕ0 cot
3 ϕ0
8h4z−2
+ · · · . (2.27)
and the final result is
S
(y,0<z<1)
EE =
L2
2GN
1
2z
[(
F˜ (h0)−
∫ 0
h0
dh(L −
nmax∑
n=0
bnh
2n(1−z)−2)
)z
θ
δθ/z
+
b`H
θ/z
θ
δθ,θ` log(
δ
H
)
+
nmax∑
n=0
bnzH
θ/z
(2n(z − 1) + 1)(−θ + 2n(z − 1) + 1)
( δ
H
) 2n+θ−1
z
−2n
+ · · ·
]
. (2.28)
Note that there are logarithmic and double logarithmic terms for k = 1/(2(1− z)) or
z = (2k−1)/(2k) and θ = 0. However, this is not consistent with the NEC. In contrast,
we introduced θ` = 1− 2`(1− z) which can be fitted with the NEC.
2.3 z < 0
In this case, the solution to (2.13) read as
ϕ = ϕ0 + ϕ2h
2 + ϕ4h
4 + ϕ6h
6 + ϕ˜1h
4−2z + · · · , (2.29)
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where coefficients ϕ2n are functions of z and θ. However, near the boundary, only the
constant term ϕ0 contributes to the singular part of the integrand of 2.12 as,
L ∼ −sinϕ0
h2
+ · · · , (2.30)
Hence, by using the relation (2.30) we can isolate the divergent part of functional
entropy, and make it finite as below
SEE =
L2
2GN
1
2z
∫ rm
δ
dr
r1−
θ
z
∫ hc
h0
dhL
=
L2
2GN
1
2z
(I1 + I2) (2.31)
where
I1 =
∫ rm
δ
dr
r1−
θ
z
∫ hc
h0
dh
[
L+ sinϕ0
h2
]
I2 = −
∫ rm
δ
dr
r1−
θ
z
∫ hc
h0
dh
sinϕ0
h2
(2.32)
Now, we differentiate I1 and I2 with respect to UV cut-off δ and look for various
divergent terms. we find
dI1
dδ
= − 1
δ1−
θ
z
∫ 0
h0
dh
[
L+ sinϕ0
h2
]
+ · · · . (2.33)
dI2
dδ
= − sinϕ0 H
1
z
δ1−
θ
z
+ 1
z
+
1
δ1−
θ
z
1
h0
+ · · · , (2.34)
Note that as we see, in values θ = 1 and θ = 0, logarithmic terms appear. But these
are not compatible with the NEC when z < 0. So we have
S
(y,z<0)
EE =
L2
2GN
1
2z
(z sinϕ0
θ − 1
( δ
H
) θ−1
z
+ (−
∫ 0
h0
dh
[
L+ sinϕ0
h2
]
+
sinϕ0
h0
)
z
θ
(
δ
H
)θ/z
)
(2.35)
where the first and second terms are divergent when θ > 1 and θ > 0, respectively.
3 Rotating the Entanglement Region
In the previous section we study the entanglement entropy for a singular region which
has a bisector in the direction of y-axis. Now we want to rotate the region by pi/2 angle
such that to be in the direction of x-axis. To avoid repetition of calculation, we consider
the following transformations which interchange the role of x and y coordinates. Let
us consider,
r = r˜z (3.1)
11
so the metric in (1.7) changes to
d˜s = L2r˜θ
(z2dr˜2 + dy2
r˜2
+
dx2
r˜2z
)
. (3.2)
Then make the following steps successively,
1. First L→ L/z, x→ zx, y → zy. (3.3)
2. Then z → 1/z, θ → θ/z. (3.4)
It follows that
d˜s = L2r˜
θ
z
(z2dr˜2 + dy2
r˜2
+
dx2
r˜2/z
)
(3.5)
This is equivalent to (1.7) with interchanging the role of x and y. To apply these
transformations to our previous results, we need to add rescaling (δ,H)→ (δ1/z, H1/z)
to the first step in (3.3). Also we need ϕ0 → pi/2 − ϕ0. The resulting entanglement
entropy is found as
1. z > 1:
This case is derived from rescaling results of subsection (2.2).
S
(y,0<z<1)
EE → S(x,z>1)EE
=
L2
2GN
z3
2
[(
F˜ (h0)−
∫ 0
h0
dh(L −
nmax∑
n=0
a˜nh
2n(1−1/z)−2)
)(
zδθ,0 log
δ
H
+
1
θ
δzθ
)
+ ηδθ,0
a˜kz
3
2
log2(
δ
H
) +
a˜`z
2Hzθ
θ
δθ,θm log(
δ
H
)
+
nmax∑
n=0
a˜nzH
zθ
(2n(1− z) + z)(−θ + 2n(1− z) + z)
( δ
H
)z2(2n−1)−2nz+ θ
z
+ · · ·
]
. (3.6)
where a˜n = bn(z → 1/z, ϕ0 → pi/2 − ϕ0) and η = 1 for k = z/(2(z − 1)) or
z = 2k/(2k − 1) and η = 0 otherwise. θm = z − 2m(z − 1) is the same as (2.22).
2. 0 < z < 1:
S
(y,z>1)
EE → S(x,0<z<1)EE
=
L2
2GN
z3
2
[(
F (h0)−
∫ 0
h0
dh(L −
nmax∑
n=0
b˜nh
2n(1/z−1)−(1/z+1))
)(1
θ
δzθ
)
+
b˜mz
2Hzθ
θ
δθ,θm log(
δ
H
)
+
nmax∑
n=0
b˜nzH
θ/z
(1− 2n(1− z))(2n(1− z) + θ − 1)
( δ
H
) 2nz(1−z)+zθ−z
z
+ · · ·
]
. (3.7)
where we deleted some log and double log terms which are not compatible with
the NEC.
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3. z < 0:
S
(y,z<0)
EE → S(x,z<0)EE
=
L2
2GN
z3
2
(z cosϕ0
θ − z
( δ
H
)z(θ−z)
+ (−
∫ 0
h0
dh
[
L+ cosϕ0
h2
]
+
cosϕ0
h0
)
1
θ
(
δ
H
)zθ
)
(3.8)
4 Conclusion
In this paper we studied the holographic entanglement entropy of anisotropic and
nonconformal strongly coupled gauge theories, and explored the effects of singularity
as well as anisotropy in spatial direction on the entanglement entropy.
We found that for some values of z and θ the logarithmic and double logarithmic
terms appear. Unlike the homogeneous space time in which the logarithmic term
appear in the special value of θ = 1 which is reflected in fact that the corresponding
background provide a gravitational dual for the boundary theory with Fermi surface,
in anisotropic space time for some discrete values of z and θ the logarithmic or double
logarithmic term appear. In this case, we also found the area law violation.
In order to find explicit results we investigated two special case: the parallel and
transverse directions, i.e., singular surface oriented along the anisotropic scaling direc-
tion y and the singular entangling surface laying along isotropic direction x, respec-
tively.
In the case of singular entangling surface along the anisotropic direction, with
respect to various range of z, we found a new universal contributions. For the case
z > 1, we found that for the values of z = 2k/(2k − 1) and θ = 0, which corresponds
to Lifshitz geometry, the double logarithmic term appears. On the other hand, for
the values of θ = z − 2n(z − 1), the logarithmic term appears. These ranges of z
and θ are consistent with the NEC. Other than those values we found only power law
divergences. Note, for z = 1, only power law divergences appear [66].
In the range 0 < z < 1, our computations showed that, as before, for values
k = 1/(2(1−z)) or z = (2k−1)/(2k) and θ = 0 the logarithmic and double logarithmic
terms appear, but these values are not consistent with the NEC. So, in order to provide
solutions that are compatible with the NEC, we selected θ` = 1−2`(1−z) with ` to be
some positive integer. These values of z and θ leads to a logarithmic term. For other
values we have power law divergences.
For the case z < 0, we have not found any logarithmic term, such that be consistent
with NEC, and only power law divergences appear. However, in values θ = 1 and θ = 0,
logarithmic terms appear. But these are not compatible with the NEC when z < 0.
In the transverse directions, i.e., the singular entangling surface laying along isotropic
direction x, we did not found any logarihmic or double logarithmic term, such that
consistence with the NEC. Only power law divergences appear.
Finally, it would be interesting to investigate these divergence structures in higher
dimensions for various kinds of singularities or smooth case in general dimension.
13
Acknowledgment MG would like to thank Sepideh Mohammadi for providing
encouragement and helpful comments.
References
[1] J.M. Maldacena, The large-N limit of superconformal field theories and supergrav-
ity, Adv. Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 (1999) 1113]
[hep-th/9711200] [INSPIRE].
[2] S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from non-
critical string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109] [INSPIRE].
[3] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998)
253 [hep-th/9802150] [INSPIRE].
[4] O. Aharony, S.S. Gubser, J.M. Maldacena, H. Ooguri and Y. Oz, Large-N field
theories, string theory and gravity, Phys. Rept. 323 (2000) 183 [hep-th/9905111]
[INSPIRE].
[5] J. Casalderrey-Solana, Gauge/string duality, hot QCD and heavy ion collisions.
Cambridge University Press, 2014
[6] J. Zaanen, Y. Liu, Y.-W. Sun, and K. Schalm, Holographic duality in condensed
matter physics. Cambridge University Press, 2015.
[7] S. A. Hartnoll, A. Lucas, and S. Sachdev. Holographic Quantum Matter, (MIT
Press, 2018), arXiv:1612.07324.
[8] M. Ammon and J. Erdmenger, Gauge/gravity duality: foundations and applica-
tions, Cambridge University Press, Cambridge U.K. (2015).
[9] H. Nastase, Introduction to the ADS/CFT Correspondence. Cambridge University
Press, 2015.
[10] M. Natsuume, AdS/CFT Duality User Guide, Lect. Notes Phys. 903 (2015)
pp.1294, arXiv:1409.3575 [hep-th].
[11] M. Rangamani and T. Takayanagi, Holographic Entanglement Entropy, Lect.
Notes Phys. 931 (2017) arXiv:1609.01287 [hep-th].
[12] M. Van Raamsdonk, Lectures on Gravity and Entanglement, in Proceedings, The-
oretical Advanced Study Institute in Elementary Particle Physics: New Frontiers in
Fields and Strings (TASI 2015): Boulder, CO, USA, June 1-26, 2015, pp. 297351,
2017. arXiv:1609.0002.
[13] S. Kachru, X. Liu and M. Mulligan, Gravity duals of Lifshitz-like fixed points,
Phys. Rev. D 78 (2008) 106005 [arXiv:0808.1725] [INSPIRE].
[14] M. Taylor, Non-relativistic holography, arXiv:0812.0530 [INSPIRE].
[15] C. Charmousis, B. Gouteraux, B.S. Kim, E. Kiritsis and R. Meyer, Effective Holo-
graphic Theories for low-temperature condensed matter systems, JHEP 11 (2010)
151 [arXiv:1005.4690] [INSPIRE].
[16] B. Gouteraux and E. Kiritsis, Generalized Holographic Quantum Criticality at
Finite Density, JHEP 12 (2011) 036 [arXiv:1107.2116] [INSPIRE].
14
[17] L. Huijse, S. Sachdev and B. Swingle, Hidden Fermi surfaces in compressible
states of gauge-gravity duality, Phys. Rev. B 85 (2012) 035121 [arXiv:1112.0573]
[INSPIRE].
[18] D.S. Fisher, Scaling and critical slowing down in random-field Ising systems, Phys.
Rev. Lett. 56 (1986) 416 [INSPIRE].
[19] N. Iizuka, N. Kundu, P. Narayan and S.P. Trivedi, Holographic Fermi and
Non-Fermi Liquids with Transitions in Dilaton Gravity, JHEP 01 (2012) 094
[arXiv:1105.1162] [INSPIRE].
[20] M. Taylor, Lifshitz holography, Classical Quantum Gravity 33, 033001 (2016).
[21] W. Chemissany and I. Papadimitriou, Lifshitz holography: The whole shebang,
arXiv:1408.0795 [INSPIRE].
[22] X. Dong, S. Harrison, S. Kachru, G. Torroba and H. Wang, Aspects of hologra-
phy for theories with hyperscaling violation, JHEP 06 (2012) 041 [arXiv:1201.1905]
[INSPIRE].
[23] N. Ogawa, T. Takayanagi and T. Ugajin, Holographic Fermi Surfaces and Entan-
glement Entropy, JHEP 01 (2012) 125 [arXiv:1111.1023] [INSPIRE].
[24] E. Shaghoulian, Holographic Entanglement Entropy and Fermi Surfaces, JHEP
05 (2012) 065 [arXiv:1112.2702] [INSPIRE].
[25] S. Ryu and T. Takayanagi, Holographic derivation of entanglement entropy from
AdS/CFT,Phys. Rev. Lett. 96 (2006) 181602 [hep-th/0603001].
[26] S. Ryu and T. Takayanagi, Aspects of Holographic Entanglement Entropy, JHEP
08 (2006)045 [hep-th/0605073].
[27] L. Amico, R. Fazio, A. Osterloh and V. Vedral, Entanglement in many-body
systems, Rev.Mod. Phys. 80 (2008) 517 [quant-ph/0703044].
[28] N. Laorencie, Quantum entanglement in condensed matter systems,” Phys. Rept.
646, 1 (2016) doi:10.1016/j.physrep.2016.06.008 [arXiv:1512.03388 [cond-mat.str-el]].
[29] J. Eisert, M. Cramer and R. B. Plenio, Area laws for entanglement entropy - a
review, Rev. Mod. Phys. 82 (2010) 277 [arXiv:0808.3773 [quant-ph]];
[30] M.A. Nielsen and I.L. Chuang, Quantum computation and quantum information,
Cambridge Univ. Press., Cambridge U.K. (2000).
[31] S. N. Solodukhin, Entanglement entropy of black holes, Living Rev. Rel. 14 (2011)
8 [arXiv:1104.3712 [hep-th]];
[32] T. Nishioka, Entanglement entropy: holography and renormalization group, Rev.
Mod. Phys. 90 (2018) 035007 [arXiv:1801.10352] [INSPIRE].
[33] H. Casini and M. Huerta, Entanglement entropy in free quantum field theory, J.
Phys. A 42(2009) 504007 [arXiv:0905.2562].
[34] P. Calabrese and J.L. Cardy, Entanglement entropy and quantum field theory, J.
Stat. Mech. 0406 (2004) P06002 [hep-th/0405152].
[35] C.G. Callan Jr. and F. Wilczek, On geometric entropy, Phys. Lett. B 333 (1994)
55[hep-th/9401072].
15
[36] C. Holzhey, F. Larsen and F. Wilczek, Geometric and renormalized entropy in
conformal field theory, Nucl. Phys. B 424 (1994) 443 [hep-th/9403108].
[37] E. Witten, APS Medal for Exceptional Achievement in Research: Invited article
on entanglement properties of quantum field theory, Rev. Mod. Phys. 90 (2018)
045003 [arXiv:1803.04993] [INSPIRE].
[38] M. Srednicki, Entropy and area, Phys. Rev. Lett. 71 (1993) 666 [hep-th/9303048]
[INSPIRE].
[39] L. Bombelli, R.K. Koul, J. Lee and R.D. Sorkin, A quantum source of entropy for
black holes, Phys. Rev. D 34 (1986) 373.
[40] E. Fradkin and J.E. Moore, Entanglement entropy of 2D conformal quantum
critical points:hearing the shape of a quantum drum, Phys. Rev. Lett. 97 (2006)
050404[cond-mat/0605683].
[41] H. Casini and M. Huerta, Universal terms for the entanglement entropy in 2+1
dimensions,Nucl. Phys. B 764 (2007) 183 [hep-th/0606256].
[42] H. Casini, M. Huerta and L. Leitao, Entanglement entropy for a Dirac
fermion in three dimensions: vertex contribution, Nucl. Phys. B 814 (2009)
594[arXiv:0811.1968][INSPIRE].
[43] T. Hirata and T. Takayanagi, AdS/CFT and strong subadditivity of entanglement
entropy,JHEP 02 (2007) 042 [hep-th/0608213].
[44] P. Bueno, R.C. Myers and W. Witczak-Krempa, Universality of corner en-
tanglement in conformal field theories, Phys. Rev. Lett. 115 (2015) 021602
[arXiv:1505.04804].
[45] P. Bueno and R.C. Myers, Corner contributions to holographic entanglement en-
tropy, JHEP08 (2015) 068 [arXiv:1505.07842].
[46] R.-X. Miao, A holographic proof of the universality of corner entanglement for
CFTs, JHEP10 (2015) 038 [arXiv:1507.06283] [INSPIRE].
[47] S.N. Solodukhin, Entanglement entropy, conformal invariance and extrinsic geom-
etry, Phys.Lett. B 665 (2008) 305 [arXiv:0802.3117].
[48] H. Casini, M. Huerta and R.C. Myers, Towards a derivation of holographic entan-
glement entropy, JHEP 05 (2011) 036 [arXiv:1102.0440].
[49] L.-Y. Hung, R.C. Myers and M. Smolkin, On holographic entanglement entropy
and higher curvature gravity, JHEP 04 (2011) 025 [arXiv:1101.5813].
[50] R.C. Myers and A. Sinha, Holographic c-theorems in arbitrary dimensions, JHEP
01 (2011) 125 [arXiv:1011.5819].
[51] R.C. Myers and A. Singh, Entanglement Entropy for Singular Surfaces, JHEP 09
(2012) 013[arXiv:1206.5225].
[52] I.R. Klebanov, T. Nishioka, S.S. Pufu and B.R. Safdi, On Shape Dependence and
RG Flow of Entanglement Entropy, JHEP 07 (2012) 001 [arXiv:1204.4160].
[53] M.P. Hertzberg and F. Wilczek, Some calculable contributions to entanglement
entropy,Phys. Rev. Lett. 106 (2011) 050404[arXiv:1007.0993].
16
[54] M. Huerta, Phys. Lett. B 710, 691 (2012) [arXiv:1112.1277 [hep-th]].
[55] A. Lewkowycz, R. C. Myers and M. Smolkin, JHEP 1304, 017 (2013)
[arXiv:1210.6858 [hep-th]].
[56] V. Rosenhaus and M. Smolkin, Entanglement Entropy for Relevant and Geometric
Perturbations, JHEP 02 (2015) 015 [arXiv:1410.6530] [INSPIRE].
[57] A. Schwimmer and S. Theisen, Entanglement Entropy, Trace Anomalies and
Holography, Nucl. Phys. B 801 (2008) 1 [arXiv:0802.1017] [SPIRES].
[58] B. R. Safdi, Exact and Numerical Results on Entanglement Entropy in (5+1)-
Dimensional CFT, JHEP 1212 (2012) 005, arXiv:1206.5025 [hep-th].
[59] ] R.-X. Miao, Universal terms of entanglement entropy for 6d CFTs, JHEP 10
(2015) 049 [arXiv:1503.05538] [INSPIRE].
[60] L.-Y. Hung, R.C. Myers and M. Smolkin, Some calculable contributions to holo-
graphic entanglement entropy, JHEP 08 (2011) 039 [arXiv:1105.6055].
[61] H. Liu and M. Mezei, A refinement of entanglement entropy and the number of
degrees of freedom, JHEP 04 (2013) 162 [arXiv:1202.2070]
[62] T. Nishioka, Relevant perturbation of entanglement entropy and stationarity,
Phys. Rev. D 90 (2014) 045006 [arXiv:1405.3650].
[63] M. Ghasemi, S. Parvizi, Entanglement entropy of singular surfaces under relevant
deformations in holography , JHEP 02 (2018) 009 doi:10.1007/JHEP02(2018)009
1709.08169 [hep-th].
[64] C. Park, Logarithmic Corrections to the Entanglement Entropy, Phys. Rev. D 92,
no. 12, 126013 (2015) doi:10.1103/PhysRevD.92.126013 [arXiv:1505.03951 [hep-th]],
[65] M. Ghasemi, S. Parvizi, Relevant perturbation of entanglement entropy of singular
surfaces, arXiv:1902.05058 [hep-th]
[66] M. Ghasemi, S. Parvizi, [unpublished]
[67] P. Bueno and P.F. Ramirez, Higher-curvature corrections to holographic entan-
glement entropy in geometries with hyperscaling violation, JHEP 12 (2014) 078
[arXiv:1408.6380] [INSPIRE].
[68] M. Alishahiha, A.F. Astaneh, P. Fonda and F. Omidi, Entanglement Entropy
for Singular Surfaces in Hyperscaling violating Theories, JHEP 09 (2015) 172
[arXiv:1507.05897] [INSPIRE].
[69] D. Giataganas, U. Gursoy and J.F. Pedraza, Strongly-coupled anisotropic gauge
theories and holography, Phys. Rev. Lett. 121 (2018) 121601 [arXiv:1708.05691]
[INSPIRE].
[70] P. Bueno, H. Casini and W. Witczak-Krempa, Generalizing the entanglement
entropy of singular regions in conformal field theories, arXiv:1904.11495 [hep-th].
17
